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                                                                          Abstract 
 
In this paper we’ve described some mathematical connections that we’ve obtained between three-
dimensional gravity related to Chern-Simons gauge theory and p-adic Hartle-Hawking wave 
function, Ramanujan’s modular functions and some equations describing the Riemann zeta-
function. 
In the Chapter 1, we have described the very recent paper “Three-Dimensional Gravity 
Reconsidered”, where Witten consider the problem of identifying the CFT’s that may be dual to 
pure gravity in three dimensions with negative cosmological constant.  
In the section 2 of Witten’s paper, “Gauge Theory And The Value Of c ”, the goal is to determine 
what values of the cosmological constant, or equivalently of the central charge c  of the boundary 
CFT, are suggested by the relation between three-dimensional gravity and Chern-Simons gauge 
theory. 
In this section, Witten says that the Hartle-Hawking wavefunction Ψ is computed by integrating 
over three-manifolds W  with a give boundary C .  
The Hartle-Hawking wavefunction is a functional of metrics on C . For every metric h  on C , 
Witten define ( )hΨ  as the result of performing a path integral over three-manifolds W whose 
boundary is C  and whose metric g  coincides with h  on the boundary. Formally, one can try to 
argue that ( )hΨ  obeys the Wheeler-de Witt equation and thus is a vector in a Hilbert space CΗ  of 
solutions of this equations. Moreover, one can formally match the Wheeler-de Witt equations of 
gravity with the conditions for a physical state in Chern-Simons gauge theory. Though many steps 
in these arguments work nicely, one runs into trouble because a Riemann surface can be immersed, 
rather than embedded, in a three-manifold, and hence it is possible for W  to degenerate without C  
degenerating. As a result, the Hartle-Hawking wavefunction does not obey the Wheeler-de Witt 
equation and is not a vector in CΗ . In the case of negative cosmological constant, the boundary 
CFT gives a sort of cure for the problem with the Hartle-Hawking wavefunction. Instead of thinking 
of C  as an ordinary boundary of W , Witten think of it as a conformal boundary at infinity. The 
partition function ( )hΨˆ  of the boundary CFT is defined by performing the path integral over all 
choices of W with C  as conformal boundary. This is well-behaved, because, with C  at conformal 
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infinity, it is definitely embedded rather than immersed. Moreover, ( )hΨˆ  is a sort of limiting value 
of the Hartle-Hawking wavefunction. 
We have observed that, from this section, it is possible to obtain some interesting 
mathematical connections with some equations concerning p-adic models in the Hartle-
Hawking proposal. 
In the section 3 of Witten’s paper, “Partition Functions”, Witten will determine what he propose 
to be the exact spectrum of physical states of three-dimensional gravity or supergravity with 
negative cosmological constant, in a spacetime asymptotic at infinity to Anti de Sitter space. 
Equivalently, Witten will determine the genus one partition function of the dual CFT. 
Hence, further the possible connections with the Hartle-Hawking wave function, there are 
various equations describing the partition functions, in this section, that, we have observed, 
can be related to the Ramanujan’s modular functions and also some equations that can be 
related with some equations describing the Riemann-zeta function.  
In the section 1, we have described some parts of the three-dimensional pure quantum gravity and 
relation to gauge theory, of the Witten’s paper above mentioned. In the section 2, we have 
described some equations of the 2+1 dimensional gravity as an exactly soluble system. In the 
section 3, we have described some equations concerning the three dimensional charged black string 
solution. In the section 4, we have described some equations concerning a tachyon condensate 
phase that replaces the spacelike singularity in certain cosmological and black hole spacetimes in 
string theory. 
In conclusion, in the section 5, we have described some possible mathematical connections between 
p-adic Hartle-Hawking wave function and the arguments above mentioned.  
 
 
           1.  Three-dimensional pure quantum gravity and relation to gauge theory. [1] 
 
Three-dimensional pure quantum gravity, with the Einstein-Hilbert action  
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has been studied from many points of view. Classically, 2+1-dimensional pure gravity can be 
expressed in terms of gauge theory. The spin connection ω  is an ( )1,2SO  gauge field (or an ( )3SO  
gauge field in the case of Euclidean signature). It can be combined with the “vierbein” e  to make a 
gauge field of the group ( )2,2SO  if the cosmological constant is negative. We simply combine ω  
and e  to a 44×  matrix A  of one-forms: 
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What is special in 3=d  is that it is also possible to write the action in a gauge-invariant form. 
Indeed the usual Einstein-Hilbert action (1.1) is equivalent to a Chern-Simons Lagrangian for the 
gauge field A : 
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We remember that ∗tr  denotes an invariant quadratic form on the Lie algebra of ( )2,2SO , defined 
by btraabtr *=∗ , where tr  is the trace in the four-dimensional representation and * is the Hodge 
star, ( ) klijklij bb ε2
1
* = . 
It is very important that we note that one of the precursors of the AdS/CFT correspondence was the 
discovery by Brown and Henneaux of an asymptotic Virasoro algebra in three-dimensional gravity. 
They considered three-dimensional gravity with negative cosmological constant possibly coupled to 
additional fields. The action is 
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where the ellipses reflect the contributions of other fields. Their main result is that the physical 
Hilbert space obtained in quantizing this theory (is an asymptotically Anti de Sitter or AdS 
spacetime) has an action of left- and right-moving Virasoro algebras with Gcc RL 2/3l== . In our 
modern understanding, this is part of a much richer structure – the boundary conformal field theory. 
Now we describe what values of the cosmological constant, or equivalently of the central charge c  
of the boundary CFT, are suggested by the relation between three-dimensional gravity and Chern-
Simons gauge theory. 
As long as the three-dimensional spacetime is oriented, three-dimensional gravity can be 
generalized to include an additional interaction, the Chern-Simons functional of the spin connection 
ω : 
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Here we think of ω  as an ( )1,2SO  gauge field (or an ( )3SO  gauge field in the case of Euclidean 
signature). Also, tr  is the trace in the three-dimensional representation of ( )1,2SO , and 'k  is 
quantized for topological reasons. Equivalently, instead of ω , we could use the ( )2,2SO  gauge field 
A  introduced in eq. (1.2), and add to the action a term of the form  
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where now tr  is the trace in the four-dimensional representation of ( )2,2SO . If one adds to ω  a 
multiple of e , the Einstein action (1.1) transforms in a way that cancels the e -dependent part of 
(1.6), reducing it to (1.5). The ( )2,2SO -invariant form (1.6) is more useful. This way of writing the 
Chern-Simons functional places it precisely in parallel with the Einstein-Hilbert action, which has 
in (1.3) can similarly be expressed as a Chern-Simons interaction, defined with a different quadratic 
form. We start with the fact that the group ( )2,2SO  is locally equivalent to ( ) ( )1,21,2 SOSO × . 
Moreover, we will in performing the computation assume to start with that ( ) ( )1,21,2 SOSO ×  is the 
right global form of the gauge group. 
Thus, by taking suitable linear combinations of ω  and e , we will obtain a pair of ( )1,2SO  gauge 
fields LA  and RA . These have Chern-Simons interactions 
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Both Lk  and Rk  are integers for topological reasons, and this will lead to a quantization of the ratio 
l/G  that appears in the Einstein-Hilbert action, as well as the gravitational Chern-Simons coupling 
(1.6). 
Now we describing the quantization of the Chern-Simons coupling in gauge theory. The basic case 
to consider is that the gauge group is ( )1U . The gauge field A  is a connection on a complex line 
bundle L  over a three-manifold W , which for simplicity we will assume to have no boundary. The 
Chern-Simons action is 
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with some coefficient k . If the line bundle L  is trivial, then we can interpret A  as a one-form, and 
I  is well-defined as a real-valued functional. 
Now we pick a four-manifold M  of boundary W  and such that L  extends over M . Such an M  
always exists. Then we pick an extension of L  and A  over M , and replace the definition (1.8) 
with 
                                                            ∫ ∧= MM FF
kI
pi2
,   (1.9) 
 
where dAF =  is the curvature. Now there is no Dirac string singularity, and the definition of MI  
makes sense. But MI  does depend on M . To quantify the dependence on M , we consider two 
different four-manifolds M  and 'M  with boundary W  and chosen extensions of L . We can build a 
four-manifold X  with no-boundary by gluing together M  and 'M  along W , with opposite 
orientation for 'M  so that they fit smoothly along their common boundary. Then we get 
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Now, on the closed four-manifold X , the quantity  ( )∫ ∧X FF 22/ pi   represents  ( )∫X Lc 21  and so is 
an integer. In quantum mechanics, the action function I  should be defined modulo pi2 . Requiring 
'MM II −  to be an integer multiple of pi2 , we learn that k  must be an integer. 
Now let us move on to the case of gauge group ( )1,2SO . The group ( )1,2SO  is contractible onto its 
maximal compact subgroup ( )2SO , which is isomorphic to ( )1U . So quantization of the Chern-
Simons coupling for an ( )1,2SO  gauge field and define the Chern-Simons coupling 
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where tr  is the “trace” in the three-dimensional representation of ( )1,2SO . Then, in order for I  to 
be part of the action of a quantum theory, k  must be an integer. 
We consider a ( ) ( )11 UU ×  gauge theory with gauge fields BA,  and a Chern-Simons action 
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To define I  in the topologically non-trivial case, we pick a four-manifold M  over which 
everything extends and define 
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where AF  and BF  are the two curvatures. This is well-defined pi2mod  if 
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is a multiple of pi2  for any ( ) ( )11 UU ×  gauge field over a closed four-manifold X . 
We have understood the appropriate gauge theory normalizations for the Chern-Simons action 
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Now we want to express LA  and RA , which are gauge fields of ( ) ( )1,21,2 SOSO × , in terms of 
gravitational variables, and thereby determine the constraints on the gravitational couplings. We 
have 
                                         
( ) ( ) ( )
22
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The term in (1.16) proportional to RL II −  will gave the Einstein-Hilbert action (1.1), while the term 
proportional to ( ) 2/RL II +  is equivalent to the gravitational Chern-Simons coupling (1.6) with 
coefficient RL kkk −=' . The spin connection  ∑= i
ab
i
iab dx ωω  is a one-form with values in 
antisymmetric 33×  matrices. The vierbein is conventionally a one-form valued in Lorentz vectors, 
∑= i
a
i
ia edxe . The metric is expressed in terms of e  in the usual way, 
∑ ⊗=⊗ ab
ba
ab
ji
ij eedxdxg η ,  where  ( )1,1,1−= diagη  is the Lorentz metric; and the Riemannian 
volume form is  cbaabc eeegxd ∧∧= ε6
13
,  where  abcε   is the antisymmetric tensor with, say, 
1012 =ε . It is convenient to introduce  
c
abcab ee ε=
∗
, which is a one-form valued in antisymmetric 
matrices, just like ω . We raise and lower local Lorentz indices with the Lorentz metric η , so  
a
dbcd
abc δεε −=
2
1
,  and  bcabcc ee ∗−= ε2
1
. We can combine ω  and  e∗  and set l/eAL ∗−= ω , 
l/eAR
∗+= ω . We obtain 
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In terms of the matrix-valued curvature two-form  ( ) ∑ ∧=∧+= ij abijjiabab RdxdxdR 2
1
ωωω ,  
where abijR  is the Riemann tensor, and the metric tensor g , this is equivalent to 
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Remembering the factor of ( ) 2/RL kk +  in (1.16), we see that this agrees with the Einstein-Hilbert 
action (1.1) precisely if 
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The central charge of the boundary conformal field theory was originally computed by Brown and 
Henneaux for the case that the gravitational Chern-Simons coupling  RL kkk −='  vanishes. In this 
case, we set  Gkkk RL 16/l=== . The formula for the central charge is  Gc 2/3l= , and this leads 
to  kc 24= . For the case 0'=k , the boundary CFT is left-right symmetric, with  RL cc = , so in fact 
kcc RL 24== . In general, the boundary CFT has left- and right-moving Virasoro algebras that can 
be interpreted as boundary excitations associated with LA  and RA  respectively. Hence, we obtain 
 
                                                      
( ) ( )RLRL kkcc 24,24, = .   (1.20) 
 
Our discussion of the quantization of the gravitational Chern-Simons coupling (1.1) 
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has been based entirely on gauge theory. Now, let ω  a connection on an ( )1,2SO  or (in Euclidean 
signature) ( )3SO  bundle over a three-manifold W . To define I0∆  more precisely, we pick an 
oriented four-manifold M  of boundary W  with an extension of ω  over W . Then we define 
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If M  is replaced by some other four-manifold 'M , and 'MMX −=  is a four-manifold without 
boundary obtained by gluing together M  and 'M , then 
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where ( ) ( ) FtrFFp ∧= 21 8/1 pi  is the first Pontryagin form. In general,  ( )∫X Fp1   can be any 
integer, so the condition that the indeterminacy in MI  is an integer multiple of pi2  means simply 
that 'k  is an integer. Then, we can rewrite the eq. (1.23) as follow: 
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Now replace TW  by ε⊕TW , where  ε  is a trivial real line bundle. Then ω  can be regarded as a 
connection on ε⊕TW  in an obvious way, and ε⊕TW  extends over M  as the tangent bundle of 
M . With this choice, (1.22) becomes 
 7 
                                                            ∫ ∧= MM RtrR
kI
pi4
'
,   (1.24) 
 
where R  is the curvature form of M , and (1.23) becomes 
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The effects of this is that instead of the first Pontryagin number of a general bundle over X  as in 
(1.23), we have here the first Pontryagin number ( )TXp1  of the tangent bundle of X . This number 
is divisible by 3, because of the signature theorem, which says that for a four-manifold X , 
( ) 3/1 TXp  is an integer, the signature of X . Hence, in the gravitational interpretation, the condition 
on 'k  is 
                                                                    Zk
3
1
'∈ .   (1.26) 
 
But the signature of a four-dimensional spin manifold is divisible by 16. So in this situation ( )TXp1  
is a multiple of 48, and the result for 'k  under these assumptions is 
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In three-dimensional Chern-Simons gauge theory, one can fix a Riemann surface C  and construct a 
Hilbert space CΗ  of physical states obtained by quantizing the given theory on C . This Hilbert 
space depends on the Chern-Simons couplings and we will call it ( )RLC kk ,Η .  
We may start by asking what we mean by the physical Hilbert space CΗ  obtained in quantum 
gravity by quantizing on a closed manifold C . Quantization on, for example, an asymptotically flat 
spacetime leads to a Hilbert space that can be interpreted in a relatively straightforward way, but the 
physical meaning of a Hilbert space obtained by quantizing on a compact spatial manifold is not 
clear. One line of thought is to consider the Hartle-Hawking wavefunction and claim that is a 
vector in CΗ . 
 
 
1.1 The Hartle-Hawking wave function. 
 
According to the no boundary proposal, the quantum state of the universe is defined by path 
integrals over Euclidean metrics µνg  on compact manifolds M . From this it follows that the 
probability of finding a three-metric ijh  on a spacelike surface Σ  is given by a path integral over all 
µνg  on M  that agree with ijh  on Σ . If the spacetime is simply connected, the surface Σ  will 
divide M  into two parts, +M  and −M . One can then factorise the probability of finding ijh  into a 
product of two wave functions, +Ψ  and −Ψ . +Ψ  ( )−Ψ  is given by a path integral over all metrics 
µνg  on the half-manifold +M  ( )−M  which agree with ijh on the boundary Σ . In most situations +Ψ  
equals 
−
Ψ . We refer to Ψ  as the wave function of the universe. Under inclusion of matter fields, 
one arrives at the following prescription: 
 
                                         [ ] ( ) ( )[ ]∫ Φ−Φ=ΦΨ Σ ,exp,, µνµν gIgDhij ,   (1.28) 
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where ( )ΣΦ,ijh  are the 3-metric and matter fields on a spacelike boundary Σ  and the path integral is 
taken over all compact Euclidean four geometries µνg  that have Σ  as their only boundary and 
matter field configurations Φ  that are regular on them; ( )Φ,µνgI  is their action. The gravitational 
part of the action is given by 
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where R  is the Ricci-scalar, Λ  is the cosmological constant, and K  is the trace of ijK , the second 
fundamental form of the boundary Σ  in the metric g .  
One is interested in two types of inflationary universes: one with a pair of black holes, and one 
without. One then calculate the Euclidean actions I  of the two types of saddle-point solutions. 
Semiclassically, it follows from eq. (1.28) that the wave function is given by 
 
                                                                     ( )I−=Ψ exp ,   (1.30) 
 
neglecting a prefactor. One can thus assign a probability measure to each type of universe: 
 
                                                     ( )Re2 2exp IP −=Ψ= ,   (1.31) 
 
where the superscript “Re” denotes the real part. 
Now we consider the Hartle-Hawking wavefunction and claim that it is a vector in CΗ . The 
Hartle-Hawking wavefunction is a functional of metrics on C . For every metric h  on C , we 
define ( )hΨ  as the result of performing a path integral over three-manifolds W  whose boundary is 
C  and whose metric g  coincides with h  on the boundary. Formally, one can try to argue that 
( )hΨ  obeys the Wheeler–de Witt equation and thus is a vector in a Hilbert space CΗ  of solutions of 
this equation. Moreover, one can formally match the Wheeler–de Witt equations of gravity with the 
conditions for a physical state in Chern-Simons gauge theory. Though many steps in these 
arguments work nicely, one runs into trouble because a Riemann surface can be immersed, rather 
than embedded, in a three-manifold, and hence it is possible for W  to degenerate without C  
degenerating. As a result, the Hartle-Hawking wavefunction does not obey the Wheeler–de Witt 
equation and is not a vector in CΗ . In the case of negative cosmological constant, the boundary 
CFT gives a sort of cure for the problem with the Hartle-Hawking wavefunction. Instead of 
thinking of C  as an ordinary boundary of W , we think of it as a conformal boundary at infinity. 
The partition function ( )hΨˆ  of the boundary CFT is defined by performing the path integral over 
all choices of W  with C  as conformal boundary. This is well-behaved, because, with C  at 
conformal infinity, it is definitely embedded rather than immersed. Moreover, ( )hΨˆ  is a sort of 
limiting value of the Hartle-Hawking wavefunction. Indeed, let φ  be a positive function on C . 
Then ( )hΨˆ  is essentially the limiting value of ( )heφΨ  as ∞→φ . This suggests that we should be 
able to think of ( )hΨˆ  as a vector in the Hilbert space CΗ  associated with three-dimensional 
gravity and a two-manifold C . 
The phase space of ( ) ( )1,21,2 SOSO ×  Chern-Simons theory on C  is the space of 
( ) ( )1,21,2 SOSO ×  flat connections on C . The space of ( )1,2SO  flat connections on C  has several 
topological components. One of these components, the only one that can be simply interpreted in 
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terms of classical gravity with negative cosmological constant, is isomorphic to Teichmuller space 
Τ . Thus, this component of the classical phase space Μ  is a product of two copies of Τ , 
parametrized by a pair of points τ , Τ∈'τ . One can quantize Μ  naively by using the standard 
holomorphic structure of Τ . If we do this, the wavefunction of a physical state is a “function” of 
τ  and 'τ  that is holomorphic in τ  and antiholomorphic in 'τ . (Antiholomorphy in one variable 
reflects the relative minus sign in the Chern-Simons action (1.15); we assume that Lk  and Rk  are 
positive).  
A physical state wavefunction ( )',ττΨ  is a form of weights determined by Lk  and Rk . So it takes 
values in a Hilbert space ( )RLC kk ,Η  that depends on the Chern-Simons couplings. Such a 
wavefunction ( )',ττΨ  is determined by its restriction to the diagonal subspace 'ττ = . Moreover, 
if we want to make a relation to gravity, it is natural to require that Ψ  should be invariant under the 
diagonal action of the mapping class group on τ  and 'τ ; this condition is compatible with 
restricting to 'ττ = . 
Similarly, the partition function of a CFT on the Riemann surface C  is a not necessarily 
holomorphic “function” ( )ττ ,Ψ . Being real analytic, Ψ  can be analytically continued to a 
function ( )ττ ,Ψ  with 'τ  al least slightly away from τ . It does not seem to be a standard fact that 
Ψ  analytically continues to a holomorphic function on Τ×Τ . However, this is true in genus 1, 
since the partition function can be defined as 00 'LL qTrq , where we can take q  and 'q  to be 
independent complex variables of modulus less than 1. It seems very plausible that the statement is 
actually true for all values of the genus, since one can move on Teichmuller space by “cutting” on a 
circle and inserting  00 'LL qq . If so, the partition function of the CFT can always be interpreted as a 
vector in the Chern-Simons Hilbert space ( )RLC kk ,Η . If we are given a theory of three-
dimensional gravity, possibly coupled to other fields, the partition function of the dual CFT is a 
wavefunction ( )',ττΨ  which is a vector in ( )RLC kk ,Η .   
From this point of view, it seems that we should not claim (see the following chapter 2) that 
( )RLC kk ,Η  is a space of physical states that are physically meaningful in pure three-
dimensional gravity. Thus, ( )RLC kk ,Η  is in a sense a universal target for gravitational theories 
(with arbitrary matter fields) of given central charges. 
We have formulated this for a particular Riemann surface C , but in either the gravitational 
theory or the dual CFT, C  can vary and there is a nice behaviour when C  degenerates. So it is 
more natural to think of this as a structure that is defined for all Riemann surfaces. 
Now, we consider a two-dimensional CFT with ( )1,0  supersymmetry, that is, with 1=Ν  
supersymmetry for right-movers and none for left-movers. Then left-movers have an ordinary 
Virasoro symmetry and right-movers have an 1=Ν  super-Virasoro symmetry. Such a theory can 
be dual to a three-dimensional supergravity theory, which classically can be described by a Chern-
Simons gauge theory in which the gauge supergroup is ( ) ( )211,2 OSpSO × . We assume that the 
gauge group is precisely ( ) ( )211,2 OSpSO × . The action is the obvious analogue of (1.15): 
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Here LA  is an ( )1,2SO  gauge field, RA  is an ( )21OSp  gauge field, and str  is the supertrace in the 
adjoint representation of ( )21OSp . LA  is simply an ( )1,2SO  gauge field, so Lk  must be an integer. 
As for RA , we can for topological purposes replace the supergroup ( )21OSp  by its bosonic 
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reduction ( )RSL ,2 , since the fermionic directions are infinitesimal and carry no topology. So, we 
obtain the following result: 
                                                        ZkL ∈         ZkR 4
1
∈ .   (1.33) 
 
We have  )24,24(),( RLRL kkcc = , since the Brown-Henneaux computation of the central charge 
depends only on the bosonic part of the action. So Lc  must be a multiple of 24 and Rc  a multiple of 
6. 
Now, we want to define 
 
                                       ∫ 





∧∧+∧=
W RRRRRR
AAAdAAstrI
3
2
4
1
pi
   (1.34) 
 
in the presence of a Ramond world-line L  on W . Let 'W  be a new three-manifold obtained by 
taking a double cover of W  branched over the line L . We let ( )WIR  be the action (1.34) and 
( )'WIR  be the corresponding action for the gauge field RA  pulled back to 'W . When pulled back to 
'W , the singularity of RA  along the Ramond line disappears, so ( )'WIR  is defined modulo pi24 ⋅ . 
There is no better way to define ( )WIR  in the presence of a Ramond line than to say that 
( ) ( ) 2/'WIWI RR = . So ( )WIR  is defined modulo pi22 ⋅ . This means that Rk  should be a multiple of 
1/2 , not 1/4. So in other words, if including Ramond lines is the right think to do, we get 
 
                                                        ZkL ∈         ZkR 2
1
∈ ,   (1.35) 
 
and hence Lc  and Rc  are multiples of 24 and 12, respectively. 
A good reason to focus on the case that Rc  is a multiple of 12 is that there are interesting candidate 
superconformal field theories (SCFT’s) in that case. In the supersymmetric case it is convenient to 
express the Chern-Simons coupling k  as 2/∗= kk , were we will focus on the case that ∗k  is an 
integer. In terms of ∗k , the central charge is ∗= kc 12 . 
 
1.2  Partition Functions. 
 
Witten in the paper “Three-Dimensional Gravity Reconsidered”, has determined what he proposed 
to be the exact spectrum of physical states of three-dimensional gravity or supergravity with 
negative cosmological constant, in a spacetime asymptotic at infinity to Anti de Sitter space. 
Equivalently, he has determined the genus one partition function of the dual CFT. 
In a conformal field theory with central charge kc 24= , the ground state energy is 
kcL −=−= 24/0 . The contribution of the ground state Ω  to the partition function ( ) 0LTrqqZ =  is 
therefore kq− . The Virasoro generators nL , 1−≥n  annihilate Ω , but by acting with ,...,, 32 −− LL  
we can make new states of the general form ∏∞
=
−
Ω
2n
s
n
nL , with energy ∑+− n nnsk . If these are 
the only states to consider, then the partition function would be 
 
                                                       ( ) ∏∞
=
−
−
=
2
0 1
1
n
n
k
q
qqZ .   (1.36) 
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There must be additional states such that ( )qZ0  is completed to a modular-invariant function. 
Additional states are expected, because the theory also has BTZ black holes. The classical BTZ 
black hole is characterized by its mass M  and angular momentum J . In terms of the Virasoro 
generators, 
                                            ( )001 LLM +=
l
    ( )00 LLJ −= ,   (1.37) 
 
so ( ) 2/0 JML += l ,  ( ) 2/0 JML −= l . The classical BTZ black hole obeys JM ≥l , or 0L , 
00 ≥L . The BTZ black hole is usually studied in the absence of the gravitational Chern-Simons 
coupling, that is for kkk RL ==  . 
Its entropy is ( ) ( )JMJMGS ++−= lll 2/12/pi .  With kG 16/ =l as in (1.19), this is equivalent 
to ( )004 LLkS += pi . For the holomorphic sector, the entropy is therefore 
 
                                                            04 LkS LL pi= ,   (1.38) 
 
and similarly for the antiholomorphic sector. The quantum states corresponding to black holes exist 
only if 00 >L , that is 10 ≥L . This means that the exact partition function ( )qZ  should differ from 
the function ( )qZ0  in (1.36) by terms of order q : 
 
                                                   ( ) ( )∏∞
=
− Ο+
−
=
2 1
1
n
n
k q
q
qqZ .   (1.39) 
 
This result follows from the fact that the moduli space 1Μ  of Riemann surfaces of genus 1 is itself 
a Riemann surface of genus 0, in fact parametrized by the j -function. If 4E  and 6E  are the usual 
Eisenstein series of weights 4 and 6, then ( )263434 /1728 EEEj −= . Its expansion in powers of q  is 
 
      ( ) ....6202458562586429997021493760196884744 4321 ++++++= − qqqqqqj    (1.40) 
 
Actually, it is more convenient to use the function 
 
                                
( ) ( ) ...,21493760196884744 21 +++=−= − qqqqjqJ    (1.41) 
 
which likewise parametrizes the moduli space. 
The J -function has a pole at 0=q  and no other poles. The statement that J  parametrizes the 
moduli space means precisely that any modular-invariant function can be written as a function of 
J . The partition function ( )qZ  has a pole at 0=q , that is at ∞=J .  
Hence, as the pole in ( )qZ  at 0=q  is of order k , Z  must be a polynomial in J  of degree k . Thus 
 
                                                              ( ) ∑
=
=
k
r
r
r JfqZ
0
,   (1.42) 
 
with some coefficients rf . The terms in ( )qZ  of order knq n ,...,0, =− , coincide with the function 
( )qZ0 . We get a function that we will call ( ),qZk  ,...3,2,1=k . This function is our candidate for the 
generating function that counts the quantum states of three-dimensional gravity in a spacetime 
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asymptotic to AdS3. For example, for 1=k  we have simply ( ) ( )qJqZ =1 , and the next few 
examples are 
 
( ) ( ) ...64049190939429875201393767 2222 ++++=−= − qqqqJqZ  
( ) ( ) ( ) ...404812756091392593096794164481279590651 21333 +++++=−−= −− qqqqqJqJqZ  
( ) ( ) ( ) ( ) =−−−= 6444812798597555039787535 244 qJqJqJqZ  
          ...4524522761604671292881026609422 2124 ++++++= −−− qqqqq     (1.43) 
 
Frenkel, Lepowsky and Meurman constructed an extremal CFT with 1=k , that is, a holomorphic 
CFT with 24=c  and partition function ( ) ( )qZqJ 1= . (the FLM construction) 
The main point of the FLM construction was that their theory has as a group of symmetries the 
Fischer-Griess monster group M , the largest of the sporadic finite groups. 
The FLM interpretation is that 196884 is the number of operator of dimension 2 in their theory. One 
of these operators is the stress tensor, while the other 196883 are primary fields transforming in the 
smallest non-trivial representation of M . In Witten’s interpretation, the 196883 primaries are 
operators that create black holes. It is illuminating to compare the number 196883 to the 
Bekenstein-Hawking formula. An exact quantum degeneracy of 196883 corresponds to an entropy 
of 19.12196883ln ≅ . By contrast, the Bekenstein-Hawking entropy at 1=k  and 10 =L  is 
57.124 ≅pi . We should not expect perfect agreement, because the Bekenstein-Hawking formula is 
derived in a semiclassical approximation which is valid for large k . 
Agreement improves rapidly if one increases k . For example, at 4=k , and again taking 10 =L , the 
exact quantum degeneracy of primary states is 81026609426, according to eq. (1.43). This 
corresponds to an entropy 12.2568102660942ln ≅ , compared to the Bekenstein-Hawking entropy 
13.258 =pi . 
With regard the numbers 12,19 and 25,12  F. Di Noto has obtained the following numerical  results. 
Considering 12,19 = 12 + 0,19 and 25,12 = 25 + 0,12 we obtain with some mean: 
 
12 + 19 = 31,  12 + 25 = 37,  (31 + 37) / 2 = 68 / 2 = 34 
12 + 12 = 24,  19 + 25 = 44,  (24 + 44) / 2 = 68 / 2 = 34 
 
(12 + 12 + 19 + 25) / 4 = 68 / 4 =17 = 34 / 2. 
 
Furthermore: 
 
3112 c≅ ,   3112 c≅ ,   3719 c≅ ,   2/)(25 4041 cc +≅ . (Here c  represent the Legendre’s number, 
08366,1=c ) 
 
  Now, we take the mean of the exponents 31, 31, 37 and 41, hence: 
  
 (31 + 31 + 37 + 41) / 4 = 140 / 4 = 35 = 34 +1. 
 
Furthermore, we take the following mean, subtracting one unit at the four values: 
 
(30 + 30 + 36 + 40) / 4 = 136 / 4 = 34;  and  =± 334 31 and 37 (prime numbers), that are the sum of 
12 + 19 and 12 + 25 and the exponents of 3112 c≅  and 3719 c≅ . 
While, 41 of 41c  is equal to  25 + 19 – 3 = 44 – 3,  with  ( ) 2/55345,4444 +=≅ , that is the mean of 
the two Fibonacci’s numbers 34 and 55. 
With regard the ratio between the three number 12, 19 and 25, he has: 
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6618,158,112/19 c≅Φ=≅= ;   ϕ=≅= 618,0631,019/12 ;   908,212/25 c≅= ; 
12 / 25 = 0,48  with  ...27,128,148,0/ 3 =≅= cϕ . 
 
Thus, he obtain the exponents of c , i.e., 3, 6 and 9 related in the ratio between the three numbers. 
Thence, these numbers can be explained in the following way: 
 
396212 +=×= ;   136916319 +++=+×= ;   ( ) 1966322/9629325 ++++=−×=−×= . 
 
With regard the natural prime numbers, he has  
 
12 = 11 + 1 = 13 – 1; Fibonacci’s coefficient 2, because =±× 126 11 and 13; 
19 = ×6 3+1; Fibonacci’s coefficient 3; 
25 = 23 + 2 = 6×4 – 1+2, coefficient 4 = 2 + 2 = 3 + 1. 
 
11, 13, 19 and 23 are the natural prime numbers very near to 12, 19 and 25, while 2 and 3 are 
Fibonacci’s numbers related to the exponents of c  3, 6 and 9, above mentioned, with 
 
3 = 3;  6 = 2×3 = 3+3;  9 = 2+3+(2+2) = 3×3.     
 
Furthermore, always with Fibonacci, he has: 
 
12 = 13 – 1;  19 = 21 – 2;  25 = 21 + 4 = 34 – 9, with 13 and 21 Fibonacci’s numbers. 
 
In conclusion, an “interlacing” of natural prime numbers, Fibonacci’s numbers, specially the 
number 34, tenth number of the series and that can be connected to the 10 dimensions of the 
superstring and with one dimension associated at one Fibonacci’s number, and powers of 
08366,1=c  with possible involving of ϕ  and Φ , look to connect the Witten’s numbers 12, 19 and 
25.   
Now we consider the analog for supergravity. We can explicitly describe a function K  that 
parametrizes θΓ/H  and has a pole only at the NS cusp. This can be done in several ways. One 
formula is  
                                                   ( ) ( )( ) ( ) 242/2
2
−
∆∆
∆
=
ττ
τ
τK ,   (1.44) 
 
where   ( )∏
=
−=∆ 24
1
241
n
nqq  is the discriminant, a modular form of weight 24. In (1.44), we have 
subtracted the constant 24 so that the expansion of ( )τK  in powers of 2/1q  has no constant term: 
 
             
( ) +++++++= − 32/522/32/12/1 61440018402449152112022048276 qqqqqqqK τ  
                        ...1447818053739521881471 2/942/7 ++++ qqq .   (1.45) 
 
This is analogous to the definition of the J -function without a constant term. Another formula for 
K  is 
                 
( ) ( ) ( )∏∏ ∏ ∞
=
∞
=
∞
=
−−
−
++





−++=
1
24
1 1
242/1242/1
2/1
1204811
2 n
n
n n
nn qqqqqK .   (1.46) 
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The product formula in (1.44), since it converges for all 1<q , shows that K  is non-singular as a 
function on H . As for the behaviour at the cusps, either formula shows that K  has a simple pole at 
the NS cusp, that is, it behaves for 0→q  as 2/1−q . K  is regular at the Ramond cusp; in fact 
 
                                                           
( ) 241 −==τK .   (1.47) 
 
This statement is equivalent to the statement that  ( )( ) ( )2/224
2
ττ
τ
∆∆
∆
=+K   vanishes at 1=τ . Indeed, 
that function has a pole at the NS cusp, so it must have a zero somewhere. Its representation as a 
convergent infinite product shows that it is nonzero for 10 << q , so the zero is at the Ramond 
cusp. Now let us consider the Neveu-Schwarz partition function F  of a holomorphic SCFT. Any 
θΓ -invariant function F  on H can be written as a function of K . 
The function F  arising in a holomorphic SCFT is actually polynomial in K . Indeed, since the 
definition of F  as 0LTrq  is convergent for 10 << q , F  is regular as a function on H . 
So the only pole of F  is at the Neveu-Schwarz cusp, that is at ∞=K . Consequently, in any 
holomorphic SCFT, the Neveu-Schwarz partition function F  is a polynomial in K . The degree of 
this polynomial is precisely ∗k , since 2/
∗
−
≈
kqF  for 0→q . So  
 
                                                                ∑
∗
=
=
k
r
r
r KfF
0
.   (1.48) 
 
Thus, F  depends on 1+∗k  coefficients. Either statement would mean that up to terms of order 
2/1q , F  would coincide with the naive function 
 
                                                 ( ) ∏∞
=
−
−∗
−
+
=
∗
2
2/1
2/
0 1
1
n
n
n
k
q
qqkF    (1.49) 
 
that counts superconformal descendants of the identity. For each positive integer ∗k , there is a 
uniquely determined function ∗kF  that is a polynomial in K  and coincides with ( )∗kF0  up to order 
2/1q . This is a natural analog of the partition function kZ  that we defined for an extremal CFT 
without supersymmetry. The number of Ramond primaries of 00 =L  in a theory with Neveu-
Schwarz partition function ∗kF  is, ( ) ( )110 ∗
∗
−= k
k Fh . Let us call this number ∗kβ  and this is uniquely 
determined for each ∗k . A practical way to determine it, using (1.47), is to write 
 
                          ( ) ( ) ( ) ( ) ( ) ( )∑ ∑
∗ ∗
∗∗
∗
∗
∗
= =
−−=−=−=
k
r
k
r
r
r
kr
r
k
k
k
k fKfF
0 0
2411111β .   (1.50) 
 
The first ten values of ∗kβ  are given in the following Table: 
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∗k                                            ∗kβ            
 
                                                   1                                               24 
                                                   2                                               24 
                                                   3                                               95 
                                                   4                                                 1 
                                                   5                                             143 
                                                   6                                                 1 
                                                   7                                             262 
                                                   8                                            -213 
                                                   9                                             453 
                                                 10                                            -261 
 
Witten has interpreted the numbers in this table as quantum corrections. For example, at 9=∗k , 
where β  takes the relatively large value 453, the multiplicity of the lowest mass classically allowed 
black hole, namely 2/10 =L  in the NS sector, turns out to be 135149371 if the partition function 9F  
can be trusted. 
With regard these numbers, F. Di Noto, has obtained the constant number 48, hence a multiple of 
the number 24 that are the physical vibrations of a bosonic string. Indeed, we have: 
 
                                         24 + 24   = 48   = 48×1 = 24×2, 
 
                                         95 +   1   = 96   = 48×2 = 24×4, 
 
                                       143 +   1   = 144 = 48×3 = 24×6, 
 
                                       262 – 213 = 49   = 48+1 = 24×2+1, 
 
                                       453 – 261 = 192 = 48×4 = 24×8. 
 
With regard the connections with the Fibonacci’s numbers and the natural prime numbers, he has 
obtained: 
 
 
Witten’s numbers     Natural prime numbers near   Coefficient f   Fibonacci’s numbers 
           
( )na                                16 ±f  
  
            24                         14623 −×=                            4                   4 = 1+3 = 2+2 
 
            95                         116697 +×=                         16                 16 = 13+3 = 3+5+8 
 
              1                            11061 =+×=                       0 
 
          143                        1236139 +×=                         23                 23 = 21+2 = 2+8+13 
 
          262                        1446262 −×=                        44                  44 = 34+8+2 = 2+8+13+21 
 
         -213                        1356211 +×=                         35                 35 = 34+1 = 1+13+21 
 
 16 
          453                        1756449 −×=                         75                  75 = 2+5+13+55 
 
         -261                        1446263 −×=                         44                  44 = 34+8+2 = 2+8+13+21 
 
 
  
 
 
Now we need to understand what are the Neveu-Schwarz and Ramond vertex operators. A Ramond 
vertex operator Ο  has a square root singularity in the presence of the supercurrent W : 
 
                                                  
( ) ( ) ( ) 2/1'
'
'
−
−
Ο
≈Ο
n
xx
xxW    (1.51) 
 
for some integer n  and some operators 'Ο . With W understood as a spin operator with respect to 
the original fermions λ , those fermions have precisely this property. So they are Ramond fields. 
This enables us to analyze all of the states in the original NS0 sector. The operators in the NS0 sector 
that have no branch cut with W  are those that are products of an even number of λ ’s and their 
derivatives. The partition function that counts the corresponding states is 
 
                                        
( ) ( ) 





−++∏ ∏∞
=
∞
=
−−
−
1 1
242/1242/1
2/1
11
2 n n
nn qqq .   (1.52) 
 
We recognize this as part of the formula (1.46) for the function K . In the R0 sector, of the 4096 
ground states, half have one chirality or fermion number and half have the other. So for each 0L  
eigenvalue in the R0 sector, precisely half the states contribute to the NS sector and half to the R 
sector. The contribution of R0 states to the NS sector is therefore 
 
                                                         ( )∏∞
=
+
1
2412048
n
nqq .   (1.53) 
 
Adding up (1.52) and (1.53), we see that the total partition function 1F  of the NS sector in this 
model is precisely what we have called K : 
 
 
                ( ) ( ) ( )∏∏ ∏ ∞
=
∞
=
∞
=
−−
−
++





−++==
1
24
1 1
242/1242/1
2/1
1 12048112 n
n
n n
nn qqqqqKF .   (1.54) 
 
We can similarly compute the Ramond partition function 1H  of this model. The contribution of the 
NS0 sector is obtained from (1.52) by changing a sign so as to project onto states of odd fermion 
number, rather than even fermion number. And the contribution of the R0 sector is the same as 
(1.53). So 
                        ( ) ( ) ( )∏∏ ∏ ∞
=
∞
=
∞
=
−−
−
=++





−−+=
1
24
1 1
242/1242/1
2/1
1 12048112 n
n
n n
nn qqqqqH  
                             ...10747904122880098304409624 432 +++++= qqqq .   (1.55) 
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Except for states of 00 =L , the global supercharge 0G  of the Ramond sector exchanges the part of 
the Ramond sector coming from NS0 with the part coming from R0. This implies that we can 
alternatively write 
                                                 ( )∏∞
=
++=
1
24
1 1409624
n
nqqH ,   (1.56) 
 
where we have removed the NS0 contribution except for the ground states, and doubled the R0 
contribution. 
 
A hyperelliptic Riemann surface C  is a double cover of the complex plane, for example a 
double cover of the complex x -plane, which we will call 0C , described by an equation  
 
                                                             ( )∏
+
=
−=
22
1
2
g
i
iexy .   (1.57) 
 
The 2 : 1 cover 0CC →  is branched at the points 221,..., +gee . C  is smooth if the ie  are distinct, and 
has genus g  if the number of branch points is precisely 22 +g . 
The partition function of a conformal field theory W  on the hyperelliptic Riemann surface C  
can be determined by computing, in a doubled theory, the correlation function of 22 +g  
copies of a “twist field” ε , inserted at the points 221,..., −gee  in 0C . Consider any CFT W  of 
central charge c . Away from branch points, the theory W  on the double cover C  looks locally like 
the theory WW ×  on 0C . Here we have one copy of W  for each of the two branches of 0CC → . 
Now, we will calculate the details of the εε ⋅  operator product. For this, we start with a double 
cover C  of the x -plane branched at e  and ee −=' , and so described by an equation 222 exy −= . If 
yxu += , yxv −= , then the equation is 2euv = . The two branches +C  and −C  correspond 
respectively to ∞→u , 0→v  and 0→u , ∞→v . The path integral over C  gives a quantum 
state Ψ  in the theory WW × , that is, one copy of W  for each branch. This state is invariant 
under exchange of the two branches by the symmetry yy −→ , so it is really a state in the 
symmetric product theory Sym2 W . We are really only interested in the part of Ψ  proportional to 
the vacuum state and its descendants. This part suffices to describe the desired chiral algebra if 
2≤k . We will determine Ψ  by using the fact that certain elements in the product VV ×  of 
two Virasoro algebras annihilate Ψ . This is so because there are globally-defined holomorphic 
vector fields on C , of the form  
                                                ( ) dvvdveduduV nnnnn //2/2 21 −+− −== . 
 
Let S  be a contour on the surface C  that wraps once around the “hole”. If T  is the stress 
tensor, the contour integral  ∫S TVn   can be regarded, for any n , as an operator acting on the 
state Ψ . This operator is invariant under deformation of the contour. It can be deformed to a 
contour +S  in the upper branch +C  or a contour −S  in the lower branch −C . So we have for 
all n  
 
                                                         0=Ψ




−∫ ∫
+ −S S
TVTV nn .   (1.58) 
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We want to express the two contour integrals that appear here in terms of Virasoro generators on 
the two branches. To do this, we simply express nV  as a vector field on the branch +C  or −C , either 
of which we identify with the x -plane. On the branch +C , we write explicitly  
 
                                                  ( )64
4
2
2
2
2
82
11 e
x
e
x
e
x
ey Ο+−−=−= . 
 
We have carried the expansion far enough to determine (for 2≤k ) all singular terms in the product 
( ) ( )ee −⋅εε . So 
 
                               ( ) ( )
dx
d
e
nn
x
e
x
e
nxV nn 





Ο+





−+
++−= + 6
2
4
4
2
2
1
32
4
4
21 .   (1.59) 
 
This means, if we ignore the conformal anomaly for the moment, that  ∫
+S
TVn   corresponds, on the 
branch +C , to the operator 
 
                                    
( )644222 32
4
4
2
eLennLenLQ nnnn Ο+




 −+
+
+
−=
+
−
+
−
++
.   (1.60) 
 
Similarly,  ∫
−
S
TVn   corresponds on the branch −C , to the operator 
 
               ( )





Ο+




 −−
+




 +−
−





=
−
−−
−
−−
−
−
− 6
4
2
4
2
2
2
32
4
4
2
4
eLnneLneLeQ nnn
n
n .   (1.61) 
 
The state Ψ  is determined for each value of e  by the condition that 0ˆ =ΨnQ , where 
−+
−= nnn QQQˆ . Hence, we have: 
 
                                    
( )−Ο+




 −+
+
+
−
+
−
+
−
+ 6
4
4
2
2
2
32
4
4
2
eLennLenL nnn                  
                     ( ) 0
32
4
4
2
4
6
4
2
4
2
2
2
=Ψ





Ο+




 −−
+




 +−
−





−
−
−−
−
−−
−
−
eLnneLneLe nnn
n
.   (1.61b) 
 
However, because of the Virasoro anomaly some c -number terms must be added to the above 
formulas, reflecting the conformal anomaly in the mapping from u  to x . The c -numbers in nQˆ  for 
other n  can be conveniently determined by requiring that  [ ] ( ) mnmn QmnQQ +−= ˆˆ,ˆ . For our purposes, 
the only formulas we need are 
 
                                    ...
8282
ˆ
4
4
2
2
04
4
2
2
00 +





−−−





−−=
−
−
−
−
+−
−
+
−
+ LeLeLLeLeLQ  
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                                    ...
44164
3
ˆ
3
2
1
2
3
4
1
2
11 +





−−





−−=
−
−
−
−
+
−
+
−
+ LeLeLeLeLQ  
                                    ...
1616
3ˆ 2
4
2
4
2
0
2
22 +−+−−=
−
−
+
−
++ LeLekeLeLQ .   (1.62) 
 
The constant in 2ˆQ  was obtained from  [ ] 220 ˆ2ˆ,ˆ QQQ −= . By requiring that 0ˆ =ΨmQ  for 
2,1,0=m , and that Ψ  converges to the Fock vacuum Ω  for 0→e , we now find Ψ  to be 
 
        ( ) ( ) ( ) ( ) Ω





++++++++=Ψ −
−
+
−
−
−
+
−
−
−
+
−
−
−
+
−
...
19232324
1 22
4
2
22
4
44
4
22
2
LL
k
eLLeLLeLLee .   (1.63) 
     
 
 
 
                         2.  2+1 Dimensional Gravity as an exactly soluble system. [2] 
 
Let X  be 2+1 dimensional Minkowski space, with coordinates xt,  and y  and metric 
( ) ( ) ( ) ( )2222 dydxdtds ++−= . Let +X  be the interior of the future light cone, that is, the points of 
0>t  and 0222 >−− yxt . Let −X  be the interior of the past light cone, consisting of points of 
0<t  and 0222 >−− yxt . The 2+1 dimensional Lorentz group is ( )1,2SO ; the 2+1 dimensional 
Poincaré group is ( )1,2ISO  (the “ I ” means that we are including the translations). 
For a space-time manifold M  of dimension three, the Einstein-Hilbert action would be 
 
                                      
[ ]( )( )∫ +∂−∂=
M
bc
kj
bc
jk
bc
kj
a
iabc
ijk eI ωωωωεε ,
2
1
.   (2.1) 
 
If we interpret the 'e s and 'ω s as gauge fields, this is of the general form  3AAdA + , and might 
conceivably be interpreted as a Chern-Simons three form. 
Witten has described that three dimensional general relativity, without a cosmological constant, is 
equivalent to a gauge theory with gauge group ( )1,2ISO  and a pure Chern-Simons action. 
For a compact gauge group G , the Chern-Simons interaction may be written 
 
                                            ∫ 





∧∧+∧=
M
CS AAAdAATrI 3
2
2
1
.   (2.2) 
 
Here we are regarding the gauge field A  as a Lie algebra valued one form, and “Tr” really 
represents a non-degenerate invariant bilinear form on the Lie algebra. 
Thus, if we choose a basis of the Lie algebra, and write  a
aTAA = , then the quadratic part of (2.2) 
becomes 
                                                        ( ) ( )∫ ∧⋅
M
ba
ba dAATTTr .   (2.3) 
 
Here  ( )baab TTTrd =  plays the role of a metric on the Lie algebra, and this should be non-degenerate 
so that (2.2) or (2.3) contains a kinetic energy for all components of the gauge field. 
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Now we consider the general case of ( )1,1−dISO . The Lorentz generators are abJ , and the 
translations are aP , with dba ...1, = . A Lorentz invariant bilinear expression in the generators 
would have to be of the general form  
                                                                 
a
a
ab
ab PyPJxJW += , 
 
with some constants x  and y . However, in requiring that W  should commute with the bP , we 
learn that we must set 0=x . For 3=d  we can set  bcaabc JPW ε= . This is easily seen to be 
( )1,2ISO  invariant as well as non-degenerate. For 3=d  it is convenient to replace abJ  with 
bc
abca JJ ε
2
1
= . The invariant quadratic form of interest is then 
 
                                          0,,,, >=>=<<>=< babaabba PPJJPJ δ .   (2.4) 
 
The commutation relations of ( )1,2ISO  then take the form 
 
                             [ ] cabcba JJJ ε=,         [ ] cabcba PPJ ε=,         [ ] 0, =ba PP .   (2.5) 
 
Let use these formulas and construct gauge theory for the group ( )1,2ISO . The gauge field is a Lie 
algebra valued one form, 
                                                            a
a
ia
a
ii JPeA ω+= .   (2.6) 
 
An infinitesimal gauge parameter would be  
a
a
a
a JPu τρ += , with aρ  and aτ  being infinitesimal 
parameters. The variation of iA  under a gauge transformation should be 
 
                                                                 uDA ii −=δ ,   (2.7) 
 
where by definition 
                                                           [ ]uAuuD iii ,+∂= .   (2.8) 
 
Upon evaluating (2.6), we arrive at the transformation laws 
 
                         cib
abc
cib
abca
i
a
i ee ρωετερδ −−−∂= ,      cibabcaiai τωετδω −−∂= .   (2.9) 
 
Now we calculate the curvature tensor, 
 
       
[ ] ( )[ ] ( )jcibabcaijajiajcibjcibabcaijajiajiij JeeeePDDF ωωεωωωωε +∂−∂+−+∂−∂== , .   (2.10) 
 
If now we were studying ( )1,2ISO  gauge theory on a manifold without boundary of dimension four, 
we would form a topological invariant of the form  ∫ ∧ ab
ba dFF   where  abd  is an invariant 
quadratic form on the Lie algebra. Using the quadratic form (2.4), we get for a four manifold Y  the 
invariant 
                    
( )[ ] ( )∫ +∂−∂⋅−+∂−∂
Y
e
l
d
kadekallakjcibjcib
abca
ij
a
ji
ijkl eeee ωωεωωωωεε
2
1
.   (2.11) 
 
 21 
Denoting the integrand in (2.11) as U , a straightforward computation shows that U  is a total 
derivative, dVU = . Therefore, if the four manifold Y  has for its boundary a three manifold M , 
(2.11) reduces to an integral on M . This integral is by definition the Chern-Simons action, and one 
easily finds it to be 
                                          
( )[ ]∫ +∂−∂=
M
c
k
b
jabc
a
jk
a
kjia
ijk
CS eI ωωεωωε .   (2.12) 
 
By this construction, (2.12) is automatically invariant under the gauge transformations (2.9). 
Now we include a cosmological constant in three dimensional gravity. We note, from (2.12), that 
the generalized Lagrangian is 
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3
.   (2.13) 
 
The equations of motion now say that spacetime is locally homogeneous, with curvature 
proportional to λ . The simply connected covering space of such a spacetime is a portion of de 
Sitter or anti de Sitter space, depending on the sign of λ . 
We generalize (2.5) to 
 
                              [ ] cabcba JJJ ε=,       [ ] cabcba PPJ ε=,       [ ] cabcba JPP λε=, .   (2.14) 
 
Introducing the gauge field and covariant derivatives as in (2.6), (2.8), we find that the 
transformation laws (2.9) generalize to 
 
              cib
abc
cib
abca
i
a
i ee ρωετερδ −−−∂=         cibabccibabcaiai e ρλετωετδω −−−∂= .   (2.15) 
 
And formula (2.10) for the curvature is replaced by 
 
       
( )[ ] ( )[ ]jcibjcibabcaijajiacjbicjbiabcaijajiaij eeJeeeePF λωωεωωωωε ++∂−∂+−+∂−∂= .   (2.16) 
 
The formula (2.4) gives an invariant quadratic form on the generalized Lie algebra (2.14). Using it, 
we find that the Chern-Simons three form comes out to be precisely the Einstein Lagrangian (2.13) 
with cosmological constant included. The equations of motion derived from this Lagrangian are 
precisely the vanishing of the field strength (2.16). Vanishing of the coefficient of 
aP  in (2.16) is 
the assertion that ω  is the Levi-Civita connection; and vanishing of the coefficient of aJ  is then the 
Einstein equation with a cosmological constant. 
Now, with regard the three dimensional gravity, in addition to the invariant quadratic form (2.4), 
there is a second invariant quadratic form on the Lie algebra (2.14), namely 
 
                             abba JJ δ>=< ,         0, >=< ba PJ         abba PP λδ>=< , .   (2.17) 
 
From the quadratic form (2.17), one arrives at the new fundamental Chern-Simons Lagrangian 
 
      
( )∫ 


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
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




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2~ 3
.   (2.18) 
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Therefore, (2.18) is invariant under (2.15) and it makes sense to add it, with an arbitrary coefficient, 
to the original Einstein Lagrangian (2.13). For generic values of this coefficient, the classical 
equations are unchanged, i.e., they still assert the vanishing of the field strength (2.16). 
The bulk of this chapter is devoted to a systematic field theoretic analysis of quantum gravity on 
1RM ×Σ= , with M  be a flat space-time, the key insight being that the constraints of the canonical 
formalism can be neatly untangled by making an equivalence of 2+1 dimensional gravity with a 
suitable gauge theory. (For the foundations of the canonical formalism of general relativity, see also 
the Hartle-Hawking’s paper “The wave Function of The Universe” – Physical Review D28 (1983) 
2960). 
We now turn to construct a canonical formalism, with a view toward quantization. Thus, we 
consider the Lagrangian (2.13) on a three manifold 1RM ×Σ= , with Σ  being a Riemann surface 
that plays the role of an initial value surface. The first step in constructing a canonical formalism is 
to introduce new variables, if necessary, to get a Lagrangian that is linear in time derivatives. 
The variables whose time derivatives appear in (2.13) are the “spatial” components of the vierbein 
and connection, namely aie  and 
a
iω , for 2,1=i . The variables whose time derivatives are absent in 
(2.13) are the “time” components ae0  and a0ω . This convenient, global separation between variables 
whose time derivatives appear in the Lagrangian and variables whose time derivatives do not 
appear, and the fact that the Lagrangian is linear in the latter, make the construction of a canonical 
formalism relatively straightforward. 
Then, the eq. (2.13) may be rewritten 
 
                    ( )[∫ ∫ ∫ ∫
Σ Σ
++∂−∂⋅+−= jcibabcjcibabcaijajiijaajiaij eeedtdt
d
edtI λεωωεωωεωε 02   
                          
( )( )]jcibjcibabcaijajiija eeee ωωεεω −+∂−∂⋅+ 0 .   (2.19) 
 
The Poisson brackets can be read off from the terms in (2.19) that contain time derivatives. They 
are 
                
( ) ( ){ } ( )yxyex abijbjai −⋅= 22
1
, δηεω ,   ( ) ( ){ } ( ) ( ){ } 0,, == yxyexe jbiajbia ωω .   (2.20) 
 
In addition, we must impose the constraint equations. They are simply the equations 
0// 00 ==
aa IeI δωδδδ , or 
 
     
( )[ ] 0=−+∂−∂ jcibjcibabcaijajiij eeee ωωεε ,   ( )[ ] 0=++∂−∂ jcibjcibabcaijajiij eeλωωεωωε .   (2.21) 
 
Let G  be the group ( )1,2ISO  if 0=λ , and its generalization ( )1,3SO  or ( )2,2SO  if λ  is not zero. It 
is natural to regard aie  and 
a
iω , for 2,1=i , as a gauge field on the Riemann surface Σ . The space of 
all such gauge fields is a phase space on which we have defined Poisson brackets (2.20). 
The canonical variables aie  and 
a
iω  fit together into a G  gauge field on Σ . The constraint equations 
(2.21) assert that this gauge field is a “flat connection”, that is, the field strength vanishes. As for 
the group of transformations generated by the constraints, these are just gauge transformations. One 
may easily check, using the Poisson brackets (2.20), that the constraint operators that appear on the 
left of (2.21) are the generators of the very gauge transformations that we have discussed in (2.15): 
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i ee ρωετερδ −−−∂= ,      cibabccibabcaiai e ρλετωετδω −−−∂= .   (2.22) 
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In gauge theories, 0/ AL δδ  is always the generator of gauge transformations. Thus, to construct the 
classical phase space which should be quantized, one simply takes the space of solutions of the 
constraints (the space of flat connections) and divides by the group generated by the constraints (the 
group of gauge transformations). Consequently, the phase space Μ  of 2+1 dimensional gravity is 
the same as the moduli space of flat G  connections modulo gauge transformations. 
Now, we consider the geometrical applications of quantum gravity to the 2+1 dimensional gravity. 
The most important case for geometrical applications, is likely to be the case of Euclidean signature 
with negative cosmological constant – the relevant gauge group is then ( )1,3SO . In this case, the 
Lagrangian is 
                                                           '
8
1
ˆ IikII
pi
+=
h
 ,   (2.23) 
 
where I  is the standard Einstein action (2.13) with cosmological constant, and 'I  is the exotic 
action (2.18). Hence, we have the following interesting equation: 
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The standard action I  appears with a real coefficient, which we have written as h/1 ; here h  is 
Planck’s constant. But 'I  has a quantized coefficient, with k  an integer. Once h  is explicitly 
introduced in this way, one may as well set 1=λ  in (2.13). Now one wishes to study the Feynman 
integral over all choices of field variables on an arbitrary three manifold M , to get the partition 
function defined by 
                                                      ( ) ∫ −= IeDeDMZ ˆω .   (2.24) 
 
Understanding quantum gravity on a general three manifold would mean understanding how to 
compute ( )MZ  as a function of the variables h  and k  that appear in the Lagrangian. 
The connection with classical geometry should be particularly striking in the limit of small h . 
According to the standard conjectures about three manifolds, almost all interesting (irreducible) 
three manifolds are “hyperbolic”, and the action (2.23b) would have a unique non-trivial critical 
point up to gauge transformation. The action for this critical point is  ( )ikCV pi2/ +− h , where V  
and C  are known as the volume and Chern-Simons invariant of the hyperbolic three manifold. The 
small h  limit of the partition function would be  ( )ikCVZ pi2/exp +≈ h  (up to a power of h ), so 
that the classical invariants V  and C  could be extracted from the asymptotic behaviour of Z , if 
indeed it is possible to define the partition function Z  as an invariant of three manifolds. 
 
                    3. On the three dimensional charged black string solution. [3] 
 
We take the following form of anti-de Sitter space: 
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Since tˆ  and ϕˆ  are both parameters along a boost, they can take any real value. If we identify 
piϕϕ 2ˆˆ += ,  (3.1) describes a black hole. 
Now, we choose two constants 
−+ rr ,  and introduce new coordinates ( ) ϕ−+ −= rltrt /ˆ ,  
( ) ( )2//ˆ ltrlr
−+ −= ϕϕ ,  ( ) ( )222222 /ˆ −+− −−= rrrrlr . Then the metric (3.1) becomes 
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where the constants M  and J  are related to ±r  by 
 
                                                       2
22
l
rrM −+ +=    
l
rrJ −+= 2 .   (3.3) 
 
Identifying ϕ  with piϕ 2+ , yields a two parameter family of black holes. 
We now turn to string theory. We consider the black holes in the context of the low energy 
approximation, and then consider the exact conformal field theory. In three dimensions, the low 
energy string action is 
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144 223 .   (3.4) 
 
We note that it is possible to obtain the following mathematical connection with eq. (1.18). 
Indeed, we have: 
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The equations of motion which follows from this action are 
 
                         0
4
12 =−∇∇+ λσνµλσνµµν φ HHR ,   (3.5a)   ( ) 02 =∇ − µνρφµ He ,   (3.5b) 
                         ( ) 0
12
1444 222 =−++∇−∇ HR
k
φφ .   (3.5c) 
 
If we assume 0=φ , then (3.5b) yields  ( ) µνρµνρ εlH /2=  where l  is a constant with dimensions of 
length. Substituting this form of H  into (3.5a) yields 
 
                                                               µνµν gl
R 2
2
−= ,   (3.6) 
 
which is exactly Einstein’s equation with a negative cosmological constant. The dilaton equation 
(3.5c) will also be satisfied provided 2lk = . Thus every solution to three dimensional general 
relativity with negative cosmological constant, is a solution to low energy string theory with 0=φ , 
( ) µνρµνρ εlH /2=  and  2lk = . In particular, the two parameter family of black holes (3.2) is a 
solution with 
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l
rB t
2
=ϕ ,   0=φ    (3.7) 
 
where dBH = .  
We now consider the dual of this solution. Given a solution ( )φµνµν ,, Bg  that is independent of one 
coordinate, say x , then ( )φµνµν ~,~,~ Bg  is also a solution where 
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                         xxxx ggB /
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~
βααβαβ −= ,   xxgln2
1~
−= φφ ,   (3.8) 
 
and βα ,  run over all directions except x . Applying this transformation to the ϕ  translational 
symmetry of the black hole solution (3.2) (3.7) yields 
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To better understand this solution, we diagonalize the metric. Let 
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Then the solution becomes 
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where lr /2+=Μ  and  2/JQ = . This is precisely the three dimensional charged black string 
solution. 
 
 
               4. On a tachyon condensate phase that replaces the spacelike singularity  
                   in certain cosmological and black hole spacetimes in string theory. [4] 
 
We consider a general relativistic solution approaching a curvature singularity in the past or future. 
The metric is of the form  
 
                                    ( ) ( ) 2220202 ⊥+Ω+−== dsdxRdxdxdxGds iiνµµν    (4.1) 
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with ( ) 00 →xRi  for some i  at some finite time. Here iΩ  describe spatial coordinates whose scale 
factor is varying in time and 2⊥ds  describes some transverse directions not directly participating in 
the time dependent physics. In the large radius regime where general relativity applies, the 
background (4.1) is described by a worldsheet sigma model with action in conformal gauge 
 
                              ( )∫ +∂∂≡ νµµνσpiα XXXGdS
a
a
2
0
'4
1 fermions + ghosts.   (4.2) 
 
Here we are considering a type II or heterotic string with worldsheet supersymmetry in order to 
avoid bulk tachyons. 
Consider the Milne spacetime described by the metric 
 
                                             ( ) ( ) 22202202 xddxvdxds r+Ω+−= .   (4.3) 
 
For 00 >x , this solution describes a growing 1S  along the Ω  direction. At 00 =x  there is a 
spacelike big bang singularity, and general relativity breaks down. The evolution from −∞=0x  to 
00 =x  similarly describes an evolution toward a big crunch singularity. This geometry appears 
inside 2+1 dimensional black holes, BTZ black holes in AdS3.  
In the heterotic theory we have target space coordinates given by ( )1,0  scalar supefields 
µµµ ψθχ +++= X  and left moving fermion superfields aaa F+−− +=Ψ θψ  containing auxiliary fields 
aF . In terms of these fields we have a Lorentzian signature path integral 
 
                             { }( ) [ ][ ] ( )[ ] ( ) [ ]( )∫ ∏ ∫−Ψ≡
n
n
iS
n VddiemdgdddVG χτσχ    (4.4) 
 
where )(g  and )(m  are ghosts and moduli and where the semiclassical action is 
 
  ( ) ( ) ( )( )∫ ++ΨΨ+ΩΨ−∂= −−−−−+ ++ gaa iSdDeGDdddiiS θκχµννµθ ωµχχχθτσ :~cos: 0 ,   (4.5) 
 
where )(d  is the dilaton, g  of gS  is the ghost and [ ]χnV  are vertex operator insertions. 
Here Ω~  is the T-dual of the coordinate Ω  on the smallest circle in the space; Ω~cosω  is the 
winding operator for strings wrapped around the Ω  direction. The fluctuations of the worldsheet 
fields in (4.4) generates corrections to the action (4.5). Because the bulk region of the geometry 
(4.3) is approximately flat space, we may identify the nV  with operators of the form 
 
                                         
( )
n
nkiki
nk VeeV ˆ
0
,
,
χωχ
rrr
r
⋅→    as  ∞→0X ,   (4.6) 
 
where we have pulled out the oscillator and ghost contributions into Vˆ . At the semiclassical level 
the dilaton is also known: it goes to a constant 
 
                                                      0Φ→Φ    as   +∞→
0X .   (4.7) 
 
In particular, the tachyon vertex operator in (4.5) is semiclassically marginal without an additional 
dilaton contribution and the metric terms solve Einstein’s equations. The path integral over 
fluctuations of the fields will generate corrections to these semiclassical statements (4.5) (4.6) (4.7). 
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Let us Wick rotate the worldsheet time coordinate τ , the spatial target space coordinates ( )τσχ ,r  
(including Ω~ ), and the parameters µ  and k
r
 by 
 
                                       γ
γττ ie≡    γ
γ χχ rr ie≡    γγ µµ ie−=    γγ kek i
rr
−
= ,   (4.8) 
 
where γ  is a phase which we will rotate from 0 to 2/pi . This produces a Euclidean path integral 
for the worldsheet theory (where we label the quantities rotated to 2/piγ =  by a subscript E ) 
 
               { }( ) [ ][ ][ ] ( )[ ] ( ) ( ) [ ]∏ ∫∫ −−− −≡
n
EkinE
S
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E χχτσψχχ rr r ,1 0
,
0
,   (4.9) 
 
(where g  and m  are the ghosts and the moduli) with Euclidean action 
 
                        ( )(∫ ⊥−⊥−−+ ∂+Ω∂Ω+∂= +++ j Ei EijEEEE DGDvDdddS ,,20200 ~~ χχχχχθτσ θθθ   
                             ( ) ( )) )(~cosh0 gSdDei EaaEE ++ΨΨ+Ω− −−− +θκχ ωµ ,   (4.10) 
 
where ( )d  is the dilaton and ( )g  is the ghost. 
Here ( )EEE ⊥Ω≡ χχ rr ,  refers to the worldsheet superfields corresponding to the spatial target space 
coordinates, and we have plugged in the spacetime metric (4.3). 
In the type II theory, we have (1,1) scalar superfields µµµµµ θθψθψθχ FX −+
−
−
+
+ +++= . In terms 
of these, we have a Lorentzian signature path integral 
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where the semiclassical action is 
 
               ( ) ( )( )∫ ++Ω−= −−+ −+ giSdeGDDddddiiS )(:~cos: 0 ωµχχχθθτσ κχµννθµθ ,   (4.12) 
 
where ( )d  is the dilaton and g  of gS  is the ghost and [ ]χnV  are vertex operator insertions. As in 
the heterotic case, the form of the vertex operators is known in the flat space region to be of the 
form (4.6). The dilaton is (4.7). Let us Wick rotate the worldsheet time coordinate τ , the spatial 
target space coordinates ( )τσ ,Xr  (including Ω~ ), and the parameters µ  and kr  by 
 
                                   γ
γττ ie≡
   γ
γ χχ rr ie≡
   γ
γ µµ ie−=
   γ
γ kek i
rr
−
= ,   (4.13) 
 
where γ  is a phase which we will rotate from 0 to 2/pi . This produces a Euclidean path integral 
for the worldsheet theory (where we label the quantities rotated to 2/piγ =  by a subscript E ) 
 
           { }( ) [ ][ ] ( )[ ]dghostsdddVG En 0χχ∫≡ r (moduli) ( ) [ ]∏ ∫ −− −
n
EkinE
S iVdde
E
E χχτσ rr ,0
,
 ,   (4.14) 
 
with Euclidean action 
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                  ( )(∫ ⊥⊥−+ −+−+−+ +ΩΩ+= j Ei EijEE DDGDDvDDddddS ,,20200 ~~ χχχχχθθτσ θθθθθθ  
                       ( ) ( )) ( )gSdei EEE ++Ω− − ~cosh0 ωµ κχ ,   (4.15) 
 
where ( )d  is the dilaton and ( )g  is the ghost. 
Now we compute the quantity µ∂∂ /1Z  and perform the path integral by doing the integral over the 
0X  zero modes first. That is, decompose 
 
                                                           
( )EXXX τσ ,ˆ 0000 +≡ ,   (4.16) 
 
where 0ˆX  contains the nonzero mode dependence on the worldsheet coordinates Eτσ , . The path 
integral measure then decomposes as [ ] [ ]0000 ˆXddXdX = . We obtain for heterotic and type II 
respectively  
 
        
( ) [ ][ ] ( )[ ] ( )[ ] ( )( ) ESEEE
E
Het
ewieddddXdmodghdddZ −−
−
+
− ∫∫ ΩΨ−Ψ=∂
∂ ~
coshˆ
00
0
01 κχθτσχχµ
r
,   (4.17) 
 
         
( ) [ ] ( )[ ] ( )[ ] ( )( ) ESEEE
E
II
ewiedddddXdmodghddZ −−−+∫∫ Ω−=∂
∂ ~
coshˆ
00
0
01 κχθθτσχχµ
r
.   (4.18) 
 
Decomposing 
00
0
0 χˆκκκχ −−−
= eee
X
, we can change variables in the zero mode integral to 
0
0Xey κ−≡  and 
integrate from 0=y  to ∞=y  as 00X  ranges from ∞  to ∞− . For each point in worldsheet field 
space, the zero mode integral is of the form 
 
                                                             ∫
∞
−
=
0
1
C
dye Cy ,   (4.19) 
 
where the coefficient C  is the nonzeromode part of the tachyon vertex operator in ES , integrated 
over worldsheet superspace. 
The analytic continuation (4.13) included a rotation Eie µµ pi 2/−= . This means that as a function of 
our original parameter µ , we have an imaginary part in the partition function: 
 
                                                              ZiZ ˆ
2
ln1 





+−=
∗
κ
pi
µ
µ
κ
.   (4.20) 
 
A thermal system is described in a real-time formalism by shifting time by i  times half the inverse 
temperature:  2/Titt β+→ . The result (4.20) arises from the bulk vacuum result via such a shift, 
with κpiβ /=T  corresponding to a temperature piκ /=T .  
Now, we analyze the derivative of the correlation function (4.14) with respect to Eµ  by doing the 
integral over 0X ’s mode 00X  first. From that we can determine its dependence on Eµ , and finally 
use (4.13) to determine its dependence on µ . This is similar to the computation of the partition 
function, except now the integral over 
0
0Xey κ−= (which gave (4.19) in the case of the partition 
function) is of the form 
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.   (4.21) 
 
This yields a result for { }( )
Ekin
VG r
−,
 proportional to    ∑− n niE
κωµ /    (4.22) 
times a complicated path integral over nonzero modes, which would be difficult to evaluate directly. 
In the case of the 2-point function, we can use a simple aspect of the analytic continuation we used 
to define the path integral to determine the magnitude of the result. The two-point function of two 
negative frequency modes in the bulk is 
 
                                                    ( ) ( )
nk
nk
nn kknknkG
,
,
'
'',';,
r
rrrrr
α
β
δδ −= ,   (4.23) 
 
where 
nk ,
rα  and 
nk ,
rβ  are the Bogoliubov coefficients describing the mixing of positive and negative 
frequency modes. This is the timelike Liouville analogue of the reflection coefficients describing 
the mixing of positive and negative momentum for modes bouncing off a spacelike Liouville wall. 
After performing the Euclidean path integral defined via the rotations (4.13), we must continue back 
to Eiµµ −=  in order to obtain the amplitude. The regions where the worldsheet potential is positive 
translate in the Euclidean path integral to a positive Liouville wall. For these regions, the Euclidean 
2-point function is a reflection coefficient of magnitude 1. The physical two point function is given 
by continuing back in µ  to the physical value. The continuation above (4.8) (4.13) in µ ,  
 
                                                                   µµ
pi
2
i
e
−
→    (4.24) 
 
therefore yields a 2-point function of magnitude 
 
                                                           
( ) κpiω
α
β /,
,
, nk
nk
nk
e
r
r
r
−
= .   (4.25) 
 
Using the relations 122 =ωω βα m  for bosonic and fermionic spacetime fields, and the fact that the 
number of particles produced 
nkN ,r  is given by 
2
,nk
rβ , this result translates into a distribution of 
pairs of particles of a thermal form 
                                                          ( ) 1
1
/,2,
m
rr
κpiω nknk e
N = .   (4.26) 
 
This corresponds to a Boltzmann suppression of the distribution of pairs of particles by a 
temperature piκ /=T . This temperature is the same as that deduced from the imaginary part of the 
1-loop partition function (4.20). 
The state in the bulk ∞→0X  region has a thermal distribution of pairs of particles (4.26), with 
temperature piκ / . These pairs are created during the phase where the tachyon condensate is order 
one, and hence the calculation is self-consistent if we tune the bare dilaton to weak coupling. 
This choice of state is analogous to the Hartle-Hawking, or Euclidean, State in the theory of 
quantum fields on curved space, but it arises here in a perturbative string system via crucially 
stringy effects. In quantum field theory on curved space, the Euclidean vacuum is obtained by 
calculating Greens functions in the Euclidean continuation of the spacetime background 
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(when it exists) and continuing them back to Lorentzian signature. In our case, a similar 
continuation has been made, but here the Euclidean system is a spacelike Liouville field 
theory. 
Now, we generalize our techniques to strings in geometries of the form (4.1) where the Ω  are 
coordinates on higher dimensional spheres. The worldsheet theory will be described by an ( )NO  
model at an energy scale related to 0X . 
Hence, we compute the mass gap of the ( )NO  model. Consider N  two-dimensional scalar fields 
arranged into an ( )NO  vector nr . The partition function of the ( )NO  model is 
 
                                           [ ] ( ) ( )( )∫ ∏ −∫= ∂−
z
nzRd
znednZ 12
222
δµ
r
.   (4.27) 
 
A way to see the mass term appear is to use a Lagrange multiplier to enforce the delta function 
localizing the path integral onto a sphere, and large N  to simplify the resulting dynamics: 
 
                                            [ ] [ ] ( )[ ]∫ ∫ ∫= ++∂−− λλλ ininRzdeddnZ
rr 222
,   (4.28) 
 
where λ  is the Lagrange multiplier field introduced to represent the delta function. Now integrate 
out n : 
                                                 [ ] ( )∫ ∫= ++∂−− λλλ zdRtrNedZ
222ln2/
.   (4.29) 
 
At large N , the λ  integral has a well-peaked saddle at 
  
                                                               
( ) 2imx −=λ ,   (4.30) 
 
where the mass m  satisfies 
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Λ Λ
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Renormalize by defining the running coupling at the scale M  by 
 
                                                      ( ) MNRMR /ln
2
2
0
2 Λ+=
pi
.   (4.32) 
 
Plugging back into the action for n , we have a mass for the n -field which runs like 
 
                                                               
N
R
Mem
22pi
−
= .   (4.33)  
 
 
5. Mathematical connections 
 
A. Mathematical connections with Ramanujan’s modular equations. [5] 
 
Now we consider the following Ramanujan’s tau-function 
 
 31 
                                                        ( ) ( )∑∞
=
∞
=
1
24;
n
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With regard the modulus 2 of ( )nτ , it is easy to see that the coefficients of nq  in the expansion of 
( )24;
∞
qqq  and ( )388;
∞
qqq  are both odd or both even, where here and in the sequel  
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where 1<q . But 
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12388 2121;
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nn qnqqq . 
 
It follows that ( )nτ  is odd or even according as n  is an odd square or not. Thus we see that the 
number of values of n  not exceeding n  for which ( )nτ  is odd is only 
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



 +
2
1 n
. 
 
Recall that the Ramanujan function ( )nτ  is defined by the Fourier expansion of ( )τ∆ , the unique 
normalized cusp form of weight 12 on ( )ZSL2 . In particular, we have 
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Furthermore, Ramanujan have shown that the definite integral 
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can be evaluated in finite terms if w  is any rational multiple of i . Furthermore, this integral can be 
evaluated not only for these values but also for many other values of t  and w . Now we have 
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here 'w  stands for w/1 . It follows that 
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Now, it is possible to obtain the pi  value utilizing the following expression 
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With regard the number 24, from the following Ramanujan’s modular equation 
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for the eq. (5.6), we have that 
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With regard the number 12, from the following Ramanujan’s modular equation 
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For the number 8, from the eq. (5.7), we obtain 
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But, with regard the number 8, we have that, from the following Ramanujan’s modular equation: 
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hence, for the eq. (5.6), we have that: 
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When a string moves in space-time by splitting and recombining, a large number of mathematical 
identities must be satisfied. These are the identities of Ramanujan’s modular function (Ramanujan’ 
modular equations). 
The Ramanujan function, has 24 “modes” that correspond to the physical vibrations of a bosonic 
string. When the Ramanujan function is generalized, 24 is replaced by 8 (8 + 2 = 10), hence, has 8 
“modes” that correspond to the physical vibrations of a superstring. 
Now, we consider various equations and describe the possible mathematical connections with the 
Ramanujan’s modular equations. 
We take the eq. (1.20). It is possible the following connection with the eq. (5.7):   
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For the eq. (1.44), we have the following interesting connections with the eqs. (5.7) and (5.3): 
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Also the eqs. (1.55) and (1.56) can be related with the eqs. (5.7) and (5.3). For the eq. (1.55), we 
have that: 
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Furthermore, we have that 23 282048 ⋅= ;  33 284096 ⋅=  and 24409698304 ⋅= . We note that 2 and 
8 are Fibonacci’s number and that 8 and 24 are the “modes” corresponding to the physical 
vibrations of strings. 
For the eq. (1.56), we have that: 
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With regard the eq. (1.63): 
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we note that the number 528432 =⋅= , while the number 32824192 6 ⋅=×= , and that the numbers 
8 and 24 are the “modes” corresponding to the physical vibrations of strings. Hence, we can write 
the following connections with the eqs. (5.7) and (5.10): 
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In conclusion, with regard the expression 19.12196883ln ≅ , we have the connection with eq. (5.8): 
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furthermore, for the following Ramanujan identity  
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we have also the following connection: 
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With regard the p-adic Hartle-Hawking wave function concerning the de Sitter 
minisuperspace  model in D = 4 space-time dimensions, we have the following equations: 
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Hence, the following connections with the equation (5.7): 
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B. Mathematical connections with Lemma 3 of Goldston-Montgomery Theorem and some 
equations of the Riemann zeta function. [6] [7] 
 
Now we describe the possible mathematical connections with some equations concerning the 
Goldston-Montgomery theorem and the Riemann zeta function. 
With regard the Goldston-Montgomery theorem, we take the equations concerning the Lemma 3. 
Let ( ) 0≥tf  a continuous function defined on [ )+∞,0  such that ( ) ( )2log2 +<< ttf . If  
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With regard the Riemann zeta function, we take some equations concerning the study of the 
behaviour of the argument of the Riemann function ( )sζ  with the condition that s  lies on the 
critical line its +=
2
1
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We have: 
                                     ( ) ( ) 






=+ ∑∫ ∑
=
+
<
4
1
2
3
logsin1
j
j
k
HT
T
xp
KOdt
p
pt
tS
pi
,   (5.21) 
 
where 
                        
( ) ( ) dtp
pp
ppK
k
HT
T
xp
itx
2
1
3 log∫ ∑
+
<
−
Λ−Λ
= ,   
( ) dtp
pp
pK
k
HT
T
xp
tix
2
2
2
2
5.1 log∫ ∑
+
<
−
Λ
= ,  
 38 
                        ( ) ∫ + 





−=
HT
T
k
tx
k dtTK
2
,
2
3 2
1log σ , 
                        
( ) ( )
∫ ∑∫
+
<
+
∞ −





−







 Λ
×





−=
HT
T
k
xp
itu
x
uk
k
tx dtdup
xpp
xxK
tx
2
5.0
2
1
2
122
,4
3
, log
2
1 σ
σ .   (5.22) 
 
Applying Cauchy’s inequality to 4K , we obtain 
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The second integral in (5.23) is estimated by 
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We take the eqs. (3.4) and (3.11), we obtain the following connections: 
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From eq. (4.20), we have that: 
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hence, the following connections: 
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Furthermore, we take the eq. (4.31) and we obtain the following connections: 
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C. Mathematical connections between p-adic Hartle-Hawking wave function, three-
dimensional gravity and Euclidean State in the theory of quantum fields on curved space 
arising in a perturbative string system where the Euclidean system is a spacelike Liouville 
field theory. [8] 
 
In the de Sitter minisuperspace model in D = 3 dimensions, the p-adic Hartle-Hawking wave 
function is: 
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Now, we take the eqs. (1.11), (1.15), (1.16), (1.18) and (1.19). We have the following possible 
connections: 
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Furthermore, for the equation (5.6), we can also write the following connections: 
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Now, we take the eq. (1.58). We have the following connection with the eq. (5.28): 
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With regard the eq. (1.63), we obtain the following connections with the eq. (5.28): 
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Now, we take the eq. (2.23b). It is possible to obtain the following connection with the eq. (5.28): 
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With regard the eq. (4.10), also in this case it is possible to obtain the following connection with the 
eq. (5.28): 
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